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Electric Carroll Scalars

Consider the following Lagrangian describing a 4D relativistic real scalar ®:

~2 1 M2
L= (0:0)2 — 20,0070 — — b2, a=1,2,3
2 2 2¢

with mass M and & = 1/c. Making the redefinitions
M = me&?

and taking ¢ — oo, we obtain the following electric Carroll scalar Lagrangian:

1 m?
Eelectric scalar = 5 (at¢)2 - 7¢2

Under Carroll boosts: 0,0 — 9:t¢ — 0

The electric Carroll particle has non-zero energy but cannot move
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Magnetic Carroll Scalars

de Boer, Hartong, Obers, Sybesma, Vandoren (2021); Henneaux, Salgado-Rebolledo (2021)

We start from the same Lagrangian as in the electric case but written in Hamiltonian

form, introducing an auxiliary field I'l, and with an opposite sign of the mass term:

1 1 M2
L= — M — 20,08°¢ + — 2
o2 277 oz
Making the redefinitions
n= ™, b = d), M = mé

and taking ¢ — oo we obtain the following magnetic Carroll scalar Lagrangian:

1 5 m? >
Lmagnetic scalar — 71—82.‘925 - Eaad)a d) + 7@1)

under Carroll boosts: @1 — 9,¢ — Ot — 0

The magnetic Carroll particle can move but has zero energy
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When do we have moving Carroll particles ?

e considering two interacting Carroll particles or coupling to background fields
Gomis, Longhi + E.B. (2014), see talk by Gomis
e taking a magnetic limit
de Boer, Hartong, Obers, Sybesma, Vandoren (2021); Henneaux, Salgado-Rebolledo (2021)

e giving up Carroll boosts
Ciambelli (2023)

e considering two interacting particles using field theory
Ecker, Grumiller, Henneaux, Salgado-Rebolledo (2024)

see talk by Henneaux
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An Ultratension Limit of String Theory

Carroll tensionless limit
Isberg, Lindstrom, Sundborg, Theodoridis (1994); Bagchi, Chakrabortty, Parekh (2016)
Bidussi, Harmark, Hartong, Obers, Oling (2023)

Taking a worldsheet electric Carroll limit of the Polyakov action together with
T = Te/&, we obtain in the limit that € — oo :

S(.ensionless =-T. / d2§ 57-047—5 8aX . BﬂX
We have effectively sent

T 50, &—oco, with T.=&T fixed

Carroll ultratension limit
cp. to Blair, Lahnsteiner, Obers, Yan (2023); Hohm, Townsend + E.B., work in progress

Taking a worldsheet magnetic Carroll limit together with T = €T,,, we obtain
Sultratension =Tn / d2£e(ﬂ' . Taaax + elaelﬁ BaX . 83X)
where we have been sending

T—o00, &—o00, with Tm =
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Cartan Formulation of Lorentzian Geometry

Figueroa-O'Farrill, van Helden, Rosseel, Rotko, ter Veldhuis (2023)

The solder form E,” transforms under infinitesimal local Lorentz transformations with

parameters AAB = —ABA a5
SEA = —NgE,B

A metric-compatible spin-connection 2,48 = —Q,,BA with torsion T,,” satisfies the

following first Cartan structure equations:

T =20, —29,PE,),

In Riemannian geometry we have

1. All spin-connection components can be solved for in terms of the Vierbeine EMA
and the torsion tensors T,“,A:

Q.4 =, (E, T)

2. Each torsion tensor component contains a spin-connection field



Carroll Scalars Carroll Geometry Carroll Gravity The Compensating Mechanism Supersymmetry Outlook
o] o] o] o] (o] o]

0000 oeo [e]e]e} 0000 (o]e] [e]

Carroll Geometry as a Limit

Using a first-order formulation, the Carroll solder forms (7, ,e,?) and Carroll
spin-connections (w,® ,w,%?) can be obtained by making the following redefinitions:

1

0
E, = PR E.?=eu”, T’ = tw?,
1
ab __ ab a0 __ a0 0 _ 0
Q.7 =w,®, Q" = Ewu , Ty = tuw

After taking & — oo in the first Cartan structure equations we find that?!

1. The torsion tensor components tg(, ) do not contain any spin-connection
component

2. The spin-connection components w(#9%) can not be solved for in terms of the

solder forms (7, , e,?) and the torsion tensors t,,,,0 , t,,,,°

The torsion tensor components tq, ) are called intrinsic torsion tensors. Setting them
to zero leads to geometric constraints
1

We define Xo = 79X, , Xo=e"X,, Xoa = 7" ea" Xy, Xap = €' ey Xpw
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Four Carroll Geometries

Figueroa-O'Farrill (2020)

Setting boost-invariant combinations of the intrinsic torsion tensors equal to zero leads

to four Carroll geometries:

Carroll 1: all intrinsic torsion tensors are non-zero: no constraints
Carroll 2: tp, ? =0 : the 3-form Q = e p¢ e#"e,,bepc is closed: dQ2 =0

Carroll 3: to(, 5y = 0: the vector 7# is a conformal Killing vector with respect to the
spatial metric h,, = euael,bcsab or zero extrinsic curvature

Carroll 4: all intrinsic torsion tensors are zero: both constraints
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Magnetic Carroll Gravity

Gomis, Rollier, Rosseel, ter Veldhuis + E.B. (2017)

Taking the Carroll limit, along with Gy = G¢ /&, of the EH action with zero torsion

Slst-order EH = /d4X EEA“EBVRNVAB(Q)

1
167Gy
leads to the following first-order magnetic Carroll gravity action:

1

Tonce /d4x e(ea“eb”RW(J)ab + 2T#ea"RW(G)°a)

Sist order Carroll grav. —

In this action the spin-connection components w(a,0) only occur linearly. They are

therefore independent Lagrange multipliers leading to the geometric constraints:

toa,? = to{#Pt =0: Carroll 4 geometry

Hansen, Obers, Oling, Sggaard (2021); Henneaux, Salgado-Rebolledo (2021)
Campoleoni, Henneaux, Pekar, Pérez, Salgado-Rebolledo (2022)

Solving for the other spin-connections leads to 2d-order Carroll gravity



Carroll Scalars Carroll Geometry Carroll Gravity The Compensating Mechanism Supersymmetry Outlook
o] o] o] o] (o] o]

0000 [e]e]e} oeo 0000 (o]e] [e]

Electric Carroll Gravity

Henneaux (1979)

Taking the limit of Q,”8 in a first-order formulation and then pass to a second-order

formulation is not the same as taking the limit directly in a second-order formulation :
QAB(E) = 20D+ w,®(e), wu®(e,7)

When taking the Carroll limit this leads to electric Carroll gravity

4 b
m /d xe ('-LO(a )to(a b) — toa"top )

Applying a Hubbard-Stratonovich transformation, the sub-leading terms are given by

2d-order magnetic Carroll gravity

Hartong (2015); Hansen, Obers, Oling, Sggaard (2021)

The electric Carroll gravity action has no first-order formulation !
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Conformal Carroll Gravity |

Applying a generalized Hubbard-Stratonovich transformation one may obtain two
different electric Carroll gravity theories:

1. Electric Carroll Gravity (ECG) is invariant under Carroll transformations:

1
Secc = ——— [ d*xtoa. %top.?
ECC = TorGe / 0a, " tob,

2. Conformal Carroll Gravity (CCG) is invariant under conformal Carroll

transformations:

1
Scce = TonGe /d4xe tol*P 50, 1y
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Relativistic Conformal Gravity

The relativistic conformal algebra consists of translations Py, Lorentz transformations

Mag plus additional dilatations D and special conformal transformations Ky

Imposing the conformal curvature constraints R, (P) = E¥ gRu,B(M) = 0 allows
one to solve for Q;LAB and the special conformal gauge field qu while the dilatation

gauge field b, transforms with a shift under K4 — by cancels out!

We wish to couple a compensating scalar field ® to conformal gravity as a first step

towards constructing general matter couplings:

0O =—Ap® — Dpd= (6,4 + bA)¢ —
DA = —2ApDA® + ApBDgd + Aa® —
DADs® = 0Dp® + 2b"Dap — QA ABDpd— 440

E,A—0E,A
~=

600 & ODADAd ~ A2 Bl oo R(M)

matter & matter + geometry & geometry
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Conformal Carroll Gravity Il

P. Concha, E. Rodriguez and O. Fierro, work in progress; see also Lovrekovic (2022)

cp. to Baiguera, Oling, Sybesma, Sggaard 2022)

The conformal Carroll algebra consists of time/space translations H/P,, spatial
rotations/Carroll boost transformations J,,/Go, plus additional dilatations D and

vector/singlet special conformal transformations K,/K
After imposing the curvature constraints

Ruv(H) = 15,,°(P) = Rup™(J) = Rpua”(G) = 0
except for t912:6} =£ 0 we find that

The gauge fields (7, e,?) are independent,

b (a,0b)

The gauge fields (w,® ,wuoa) are dependent except for w R

The gauge fields b, are independent but can be shifted away by Kj,

by is solved for by by = to, %; instead w, ? is shifted away by K,

The gauge fields (g.?, f,) can both be solved for in terms of R(J) and R(G) but

only a combination of the two gives Magnetic Carroll Gravity
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Coupling CCG to an Electric Scalar
We wish to couple, for m = 0, an electric Carroll scalar to CCG:

1
[felectric scalar — _§¢at6t¢ with 6(],5 = _)\D¢

We first replace
Ot — Dod = 0o + bod

Now use that dbg = pAp — Do = -2 \pDop —
DoDo¢ = (8o + 2bo) (0o + bo)¢

Now gauge-fix ¢ = 1, use that bg = tg,,? and we obtain Electric Carroll Gravity :

Secg ~ /d4X b% = /d4X toa)atob’b

Electric Carroll Scalar <+  Electric Carroll Gravity

Outlook
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Coupling CCG to a Magnetic Scalar

We now couple, for m = 0, a magnetic Carroll scalar to CCG:
1 a
Lmagnetic scalar — 71'8!(75 + 5(}58 BaqS

we first replace 0:¢p — Do = (0r + bo)¢ and  9a¢p — Dap = (05 + ba)op
Now use that db; = O, \p+Aka —

8D2¢ = XaPDpgp + A" Dop — 2ApDadp + Apap —

D?Dyp = (9° + 2b°) Dap — w*s" Dy — w* . Docp — g% &
After partially differentiating in the first three terms, the non-invariance under Carroll
boosts is cancelled by assigning 6w = \o?D,¢

The non-invariance of the fourth term under K due to dw? ,% = Ak is cancelled, after
partial differentiating, by adding the term fj ¢

Now gauge-fix ¢ =1 — magnetic Carroll Gravity with tp, ? = tolab} =0
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Carroll Fermions

Campoleoni, Fontanella, Mele, Rosseeel + E.B. (2023)
See talk by Lea Mele

Electric Carroll Fermions

Electric limit is straightforward but electric Carroll fermions do not transform under

internal Carroll boosts

Magnetic Carroll Fermions

Instead of using a first-order formulation one uses projected fermions and gives the
two different projections different scaling weights such that, after taking the limit, one
obtains two Carroll fermions 14 that transform under internal Carroll boosts as a

reducible but undecomposable transformation :

Y- = P+ = 0

There is a non-minimal formulation and a minimal formulation where the fermion
kinetic term contains a I's or ', such that the Dirac operator squares to a tachyonic

Klein-Gordon operator
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Supersymmetry

Fontanella, Rosseel + E.B., work in progress

Warning : supersymmetry rules can contain divergences!

Electric Supersymmetry

The commutator of two electric supersymmetry rules in a Carroll Wess-Zumino

multiplet gives a time translation
Bagchi, Grumiller, Nandi (2022)

Magnetic Supersymmetry ?

One can define a Carroll limit of the action plus transformation rules corresponding to
a 4D hypermultiplet yielding a finite tachyonic action that is invariant under certain

fermionic transformation rules
However, these fermionic transformation rules do form a supersymmetry algebra!

The solution might be that we start from the non-minimal formulation with complex
fields and take a real slice afterwards

Hartong, Ploegh, Rosseel, Van den Bleeken + E.B.(2007)
The problem also reminds a bit of constructing de Sitter supergravity that requires the

use of nilpotent supermultiplets
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Summary and Discussion

® we took the first step in constructing general Carroll matter couplings.

A natural extension is to include interactions and supersymmetry
® we pointed out a possiblle ultra-tension limit of string theory
® we discussed a puzzle with defining magnetic supersymmetry
® one may generalize to extended objects and p-brane Carroll limits

® the analogous story for Galilei Gravity is not completely obvious. What is
Electric Galilei Gravity ?

for tachyons, see Batlle, Gomis, Mezincescu, Townsend (2017)
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